Abstract. Transforming polarization states of light from one to another in a controlled manner can be achieved with a minimal gadget consisting of two-quarter waveplates. Using a geometric approach, we demonstrate this result for transforming any completely polarized states of light (CPSL) to any other CPSL, including the orthogonal states. Furthermore, we describe a working algorithm for identifying the fast axis setting of the two-quarter waveplates essential for the state transformation.
Introduction
Manipulating polarization states of light with a minimum number of optical elements is an important requirement in the field of polarization optics. Implementation of quantum walks using linear optics, 1 measurement of quantum correlations of optical systems, 2 quantum state tomography, determination of Mueller matrix of arbitrary optical materials, 3 measurement of the Pancharatnam phase, 4, 5 and the generation of mixed states 6, 7 are some typical examples where such gadgets are being used in the present scenario. In all these applications, the general requirement is to realize a unitary state transformations with the help of a minimal number of linear optical elements.
Theoretically, any two polarization states of light having the same degree of polarization can be transformed into one another using an appropriate SU(2) operation. It has been shown in the literature that the minimum requirement for realizing the complete set of SU(2) transformations involves a combination of two-quarter waveplates (QWPs) and one half waveplate (HWP). 8, 9 However, for transforming any two polarization states of light having the same degree of polarization, the complete set of SU(2) transformations may not be required. In fact, a subset of SU(2) transformations generated from a combination of two QWPs is sufficient. 10, 11 In this article, we provide a mathematical treatment to validate this by considering the transformation between any two completely polarized states of light (CPSL). This result is generalizable to other degrees of polarization as well. Here, we also provide an algorithm to determine the required orientation of two QWPs for mutually transforming any two CPSLs. This algorithm will be quite useful for the experimentalists, where handling the polarization states of light in a simple and controlled manner is required. With our approach, we overcome the limitations of an earlier approach, 12 which concluded that two QWPs are insufficient to deal with mutually orthogonal states.
This article is organized as follows: in Sec. 2, we describe our approach for validating the above result. In Sec. 3, we discuss the results obtained through our approach and finally, we conclude this article in Sec. 4.
Assignment of Symmetry Operations
The issue of transforming any CPSL to any other CPSL can be addressed with Poincare sphere. 13, 14 Poincare sphere is a widely used construction for describing the polarization states of light, where various polarization states are mapped onto a solid sphere of unit radius centered at the origin. A CPSL S is mapped uniquely to a point on the surface of Poincare sphere and it has three real coordinates S ¼ ðs x ; s y ; s z Þ satisfying the condition s 2 x þ s 2 y þ s 2 z ¼ 1. The unit vector, which connects the origin to S and points radially outward, is called the Bloch vector 15 of the polarization state S denoted by S. The Bloch vector S can be parametrized in terms of the spherical-polar coordinates θ and ϕ as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 3 2 6 ; 3 4 0
On Poincare sphere, the task of transforming any initial CPSL to any final CPSL is equivalent to transforming their respective Bloch vectors
Geometrically, such norm preserving transformations are realized by rotating the Bloch vector S i about a suitable axis K by an appropriate angle μ to reach S f , as shown in Fig. 1 . Possible rotation axes for this transformation lie in the plane normal to the unit vector S n ¼
It may be noted that S n ≡ Sðθ n ; ϕ n Þ is also a Bloch vector and its functional form is the same as in Eq. (1) . All the Bloch vectors in the plane normal to S n (refer Fig. 2 ) are the possible rotation axes, for transforming S i to S f . Rotation axes in the plane normal to S n are denoted by K S n ðνÞ, where ν is a parameter. An explicit expression for the rotation axes K S n ðνÞ can be derived by using the rotation axes *Address all correspondence to: Radhakrishna Bettegowda, E-mail: brkrishna@igcar.gov.in 0091-3286/2017/$25.00 © 2017 SPIE parametrized in any known plane and the Rodrigues rotation operator. 16 In the X − Y plane, collection of all the Bloch vectors can be parameterized as E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 2 ; 6 3 ; 4 9 3
Collection of all the Bloch vectors in the plane whose normal is S n can be obtained by aligning the K Z ðνÞ with K S n ðνÞ. This can be achieved by rotating K Z ðνÞ about the unit vector l ¼ Z × S n by the angle ζ ¼ cos −1 ðZ · S n Þ ¼ θ n , as shown in Fig. 2 . Rodrigues rotation operatorR provides the mathematical description for this operation E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 6 3 ; 3 6 4 K S n ðνÞ ¼Rðl; ζÞK Z ðνÞ ¼ cos ζK Z ðνÞ
In an earlier approach, 12 the rotation axis K was written down as a linear combination of three vectors namely: S i , S f , and S i × S f . But for orthogonal states S f ¼ −S i and the chosen basis set is no longer linearly independent. This led them to conclude that the two QWPs gadget is insufficient for transforming orthogonally polarized states of light. The result stems from the limitations of the algorithm and the basis choice adopted therein and is not due to the deficiency of the gadget itself. The present work parametrizes the rotation axis in a manner that avoids this problem.
In order to validate the transformation from any CPSL S i to any other CPSL S f , we first determine the angle μ required for rotating S i about various axes K S n ðνÞ to reach S f . Then, we calculate the rotation angle μ q achievable from the two QWPs gadget about the same set of axes. Finally, we search for the rotation axes K S n ðνÞ about which the required rotation angle is achievable using two QWPs.
The angle μ required in rotating S i to S f about any axis K S n ðνÞ is determined as follows: From the Rodrigues rotation operator described in Eq. (2), we have E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 3 2 6 ; 4 9 1
Taking the scalar product between S i and S f of Eq. (3), E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 3 2 6 ; 4 1 2
But rotation axis K S n ðνÞ makes an equal angle Ω with S i and S f , as it lies in their midplane (see Fig. 1 ) and hence, E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 3 5 8
Equations (4) and (5) upon rearrangement yield E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 3 1 5
For identifying the rotation angle μ q achievable about any axis K S n ðνÞ using a two QWP gadget, we study the CayleyKlein parameters 16 of the gadget. The Cayley-Klein parameters (e 0 ; e) of any SU(2) transformation are the coefficients of that transformation expressed as a linear combination of Pauli-spin matrices σ and the identity matrix. An arbitrary unitary transformation U ∈ SUð2Þ, describing the rotation about the unit axis K by an angle μ q , can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 1 9 2
Here, we are using the convention σ x ¼ 1 0
The Cayley-Klein parameters of U are Bettegowda: Prescription for transforming polarization states of light using two-quarter waveplates E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 6 3 ; 4 5 9
Cayley-Klein parameters of every SU(2) matrix satisfy E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 6 3 ; 3 9 4 e 2 0 þ e
We shall now study the constraints imposed by the two QWPs. The description of a QWP 10 in the basis of Paulispin matrices is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 6 3 ; 3 3 4
where η is an angle between the fast axis of a QWP and the reference axis. For a two QWPs gadget, we have U QQ ¼ Qðη 2 ÞQðη 1 Þ. Without loss of generality, we transform the angles η 1 , η 2 to two new variables α; β such that
Þ are E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 6 3 ; 2 3 0 e 0 ¼ sin 2 β; e x ¼ cos α cos β; e y ¼ sin α cos β; e z ¼ sin β cos β:
It may be noted that the Cayley-Klein parameters of U QQ satisfy E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 6 3 ; 1 5 7 e 0 þ e 
Combining Eqs. (9) and (12) E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 6 3 ; 1 1 4 e 2 0 − e 0 þ e 2 z ¼ 0;
Expressions for e 0 and e z are determined from Eq. (8) and they are E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 4 ; 3 2 6 ; 4 5 9
But to determine e z , the Z component of the rotation axis K S n ðνÞ, K z is required. An explicit expression for K S n ðνÞ is derived in Eq. (2) and from there K Z ¼ − sin θ n cosðν − ϕ n Þ. By invoking these in Eq. (13), we have E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 5 ; 3 2 6 ; 3 8 3
The above equation describes the rotation angle μ q achievable about the axis K S n ðνÞ using a two QWPs gadget. This equation is quadratic in cosð μ q 2 Þ and its nontrivial solution is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 6 ; 3 2 6 ; 2 9 3
where A ¼ sin 2 θ n cos 2 ðν − ϕ n Þ. In order to get some insight regarding the restrictions resulting on the attainable transformations with a two QWPs gadget, we give some illustrative examples. In Fig. 3 , the variation of the rotation angle μ q achievable from two QWPs as a function of the rotation axes parameter ν in a certain planes is shown. We notice that, in some planes: (i) about certain axes, rotations are forbidden [see Figs. 3(a) and 3(b)], (ii) achievable rotation angles μ q remain the same, irrespective of the rotation axis [see Fig. 3(c) ], (iii) μ q lies within a band of angles and varies sinusoidally as a function of the rotation axis [see Fig. 3(d) ].
This variation is seen because QWPs basically introduce a relative retardance of π 2 , and the fast axis of QWPs is restricted to orientation in the plane perpendicular to the propagation direction of the light beam. 10 Hence, from Eq. (7) Fig. 3 Using two QWPs gadget, variation in the achievable rotation angle μ q about the rotation axes K S n ðνÞ in the plane normal to S n is shown for different cases.
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where K 1;2 are the fast axis orientation of a two QWPs. Angle μ q is related to the fast axes orientations through E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 8 ; 6 3 ; 6 7 7
Constraint on the rotation angle μ q achievable about the rotation axes arises due to restricted orientation of the fast axes K 1;2 in both the QWPs. In case of a complete SU(2) gadget which satisfies Eq. (9), there is no such restriction on the angle and axis. In other words, about every unit axis K, rotation by any angle μ q ∈ ½0; π is achievable from a complete SU(2) gadget.
Results and Discussion
We shall now discuss the problem of transforming any CPSL to any other CPSL by considering the cases of orthogonal states and nonorthogonal states separately.
Transforming Orthogonal States Using Two Quarter Waveplates
On Poincare sphere, orthogonal states lie at antipodal points and hence the angle μ required in transforming any pair of orthogonal states about any axis in their midplane is always π. The possibility of achieving rotation angle μ q ¼ π with the two QWPs gadget is analyzed by studying Eq. (15), which simplifies to E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 6 3 ; 3 6 9 sin 2 θ n cos 2 ðν − ϕ n Þ ¼ 0:
For θ n ¼ 0, it is clear that Eq. (19) is satisfied for any ν ∈ ½0;2π and hence, about every axis in the plane normal to S n ¼ Sð0; ϕ n Þ, rotation angle π is achievable. Basically, θ n ¼ 0 describes the plane whose normal is Z and the corresponding antipodal points are ð0 0 1Þ T and ð0 0 − 1Þ T . These points on Poincare sphere represent the right circularly polarized (RCP) state and left circularly polarized (LCP) state, respectively. Hence, using two QWPs, transformation from RCP to LCP and vice versa is possible in infinite ways, which is a well-established result.
11
For θ n ≠ 0, it is always possible to find ν satisfying Eq. (19), irrespective of the plane normal's S n . In other words, for any antipodal points on Poincare sphere, there always exists a rotation axis K S n ðνÞ about which rotation angle π is achievable using two QWPs. Hence, using two QWPs, it is possible to transform any orthogonal states. This result overcomes the limitation encountered in the earlier work. 12 
Transforming Nonorthogonal States Using Two Quarter Waveplates
In order to study the transformation between nonorthogonal states using two QWPs, we first choose a plane which is normal to say S n . We then identify all pairs of CPSL S i and S f , such that the rotation axes for transforming these states lie in the plane normal to S n . We repeat this strategy about different S n , to account for the transformation from every possible CPSL to every other CPSL. About a plane which is normal to S n , a pair of CPSL S i and S f are identified by rotating an axis say K S n ðν 0 Þ about K S n ðν 0 þ π 2 Þ, by an angle say χ ∈ ½0; π 2 in opposite directions, respectively, as shown in Fig. 4 . Rotation axes for transforming thus obtained S i and S f lie in the plane normal to S n . It may be noted that S n , Kðν 0 Þ, and Kðν 0 þ π 2 Þ form a mutually orthogonal basis, and in this basis S i and S f are E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 3 2 6 ; 4 3 5
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 3 2 6 ; 3 7 8
From Eq. (6), angle cos μ required in transforming above S i to S f about axes K S n ðνÞ is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 2 ; 3 2 6 ; 3 0 4
This is then compared with cos μ q -rotation angle achievable using two QWPs determined from Eq. (16)-about various axes K S n ðνÞ, for further analysis. By spanning the parameters θ n ; ϕ n ; χ; ν 0 within their respective limits, all possible pairs of CPSL S i and S f are determined. The entire procedure is summarized in the algorithm given below.
Algorithm
E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 3 . 3 ; 3 2 6 ; 1 4 9 θ n ∈ ½0; π; ϕ n ∈ ½0; 2π:
θ n and ϕ n denote polar and azimuthal coordinates, respectively, on the surface of Poincare sphere and with this input S n is chosen E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 3 . 3 ; 3 2 6 ; 9 3 ν 0 ∈ ½0; 2π; χ ∈ h 0; π 2 i : Parameters ν 0 and χ are used in Eqs. (20) and (21) to obtain S i and S f . By spanning ν 0 and χ, all possible CPSL S i and S f corresponding to S n are identified.
Search for ν ∈ ½0; 2π, satisfying the condition E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 6 3 ; 7 0 8 ðcos μ − cos μ q Þ ¼ 0:
cos μ q is determined from Eq. (16) and cos μ is determined from Eq. (22). Both are functions of the rotation axes parameter ν. If parameter ν exists satisfying Eq. (23), then this ensures that there exists a rotation axis K S n ðνÞ about which the rotation angle μ required is the same as the rotation angle μ q achievable from two QWPs gadget. With this, we can conclude that the transformation from S i to S f is possible using a combination of two QWPs. In order to find the orientation of two QWPs η 1 and η 2 , the solution ν obtained by solving Eq. (23) is used as an input. The rotation axis K S n ðνÞ corresponding to the solution ν is determined from Eq. (2), and the angle μ q achievable about that axis using two QWPs is noted. Using this information, α and β are determined from Eqs. (8) and (11), which are then used to identify η 1 ; η 2 -the necessary orientations of two QWPs for transforming S i to S f .
Conclusions
We have formulated a fresh geometric approach for transforming every CPSL to every other CPSL using a two QWPs gadget. Numerical results confirm that there always exists a rotation axis about which the angle required in transforming any two CPSL is achievable using a two QWPs gadget. From the above analysis, we conclude that the state transformation from every CPSL to every other CPSL using only two QWPs is possible. The required fast axis settings of the two QWPs essential for polarization state transformation can be identified as detailed in the algorithm. Furthermore, the transformation of states with other degrees of polarization can also be constructed in similar lines.
